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Abstract

The purpose of this paper is to present some propositions about the
Laplace transform related to the first hitting time to piecewise linear functions
of a Brownian motion. We introduce also a terminal date and examine the lower
between the hitting time and the terminal moment. Regardless of whether the
hitting time is before the terminal date or not, we shall only know either the
stopping time value or the value of the Brownian motion. This requires the
separate examination of both cases.

The derived results can be used for pricing financial derivatives related
to reaching some boundaries of the underlying asset — for example, barrier or
American options.
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1. Introduction. The problem of first hitting of a Brownian motion to some
boundary is examined in many studies — see for example [!], [*], and [}]. In
the present article we investigate the Laplace transform of the truncated first
hitting time to some piecewise linear function. The truncation is done at some
previously defined terminal value. There are many reasons that motivate us to
do this research. First, the Laplace transform is just the moment generating
function of the stopping time and therefore it is a powerful tool for examining
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its distribution, moments, and cumulants. Second, if we approximate a curve
by some piecewise linear functions, we can numerically derive the corresponding
results for first hitting to this curve. Third, the wide use of the Brownian motion
in different real life areas implies the practical significance of the derived results.

For instance, if a financial market is described by the famous Black—Scholes
framework, the asset price is presented by a geometric Brownian motion. Thus the
Laplace transform appears in many path dependent financial derivatives. If the
hitting time is before the terminal date, then we know the value of the Brownian
motion and hence we have to derive the Laplace transform of the hitting time.
Otherwise, if the hitting time is after the terminal moment, then the stopping time
is equal to the terminal value. Thus we have to derive the Laplace transform of
the Brownian motion provided that it does not hit the barrier before the terminal
moment.

An outstanding example is the class of the barrier derivatives. Their main
feature is that they change their behaviour after reaching some boundary. Other
important examples are the American style derivatives. They lead to optimal
stopping problems, for which we have to obtain the fair price as well as the optimal
stopping boundary. In [4] is presented an algorithm for deriving the early exercise
boundary of an American put. A third class of such derivatives are the so-called
defaultables. It is assumed that the default occurs if the underlying asset falls
below some curve. Pricing of such derivatives is examined in [°] and [°]. Once we
know the corresponding boundaries and Laplace transforms we can use different
numerical techniques to derive the derivative prices. Some software methods and
Monte Carlo simulations for different style options — European, American, basket,
and others — are presented in [7], [?], and [?].

The paper is organized as follows. In Section 2 we present the basic notations
which we shall use later. In Section 3 we examine the linear boundary problem,
whereas in Section 4 are presented the results when the boundary is piecewise
linear.

2. Preliminaries. Let B; be a Brownian motion and T be the terminal
moment, T' < oco. Let 0 =ty < t; <--- <t, =T be the time grid and b (t) be a
piecewise linear function on it

n
(2.1) b(t) =Y (buit +b2s) Liepr,_, 5

i=1
where [ is the indicator function. Note that it is sufficient to examine upper version
of the problem due to the symmetry of the Brownian motion. Let ; = b(;)
and therefore fy > 0. We shall assume also that function (2.1) is continuous
( b (t;) = bi—1(t;)) but the presented results can be easily generalized if it has
discontinuities. We shall denote by 7 the first hitting time to the function b (-).
Let us notate by A; the indicator process Ay = I.<7 and by N (-) the cumulative
distribution function of the standard normal distribution.
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3. Linear case. Let us suppose that the function b () is linear. Note that
bs = By > 0. We shall use several times the following result, which is reported in

[19], equation (2.0.2) on page 223.
Lemma 3.1. The probability density function of T is
by b1t + bo 2
(3.1) p(t) = 2 exp (- LE b))
V2mt2 2t
An immediate corollary is the form of the cumulative distribution function.
Proposition 3.1. The cumulative distribution function of T, which we shall

notate by g (-), is given by the equation
51T+b2> (blT_b2)
3.2) g(T:by,by) =P (r<T)=1-N {22122 Loxp (—2b1bo) N [ 2222 .
32) g(Titnbn) = Pr < T) =18 (DL 22 ) oy (-2 v (22
Proof. Since by > 0, we have that g (0;b1,b2) = 0. To finish the proof we
[l

check that the derivative g; (¢;b1,b2) is given by density (3.1).
Our first result is established in the following theorem.
Theorem 3.1. Let 8 > 0. The Laplace transform of T before T is given by

(33)  L(T,0;b1,b)) = E [e’GTAT] _ Lo (Vi) g (T; \/ b2 + 26, b2> ,

where the function g (-) is given by equation (3.2).
Proof. Using Lemma 3.1 and Proposition 3.1 we derive

byt + by)?
(b1t + ba) > dt

b2 exp (—
ot
2
(VET+20t+ b, ) ]
t

E [efeTAT} = /e
0
a 2t

T
_ ebg(\/b%—i—%’—bl) / ba
5 v 27rt%

(3.4)
— (\/b?”‘?*bl)g (T; \/ b2+ 26, b2> .
O

The following corollary gives the results if there is not a terminal moment.
Corollary 3.1. Suppose that T = co. The probability T to be finite is

e
>~ 3
V2rt2

exp

. _ _J 1 af <0
9(003b1,b2) = P(7 < 00) = { exp (—2b1bs)  if by >0
The corresponding Laplace transform is given by
_ 3
L(OO,Q;bl,bz) - E |:6 6’7’] oo} — ¢ b2 (\/b1+29+b1).
Ts. S. Zaevski

936



Now we turn to the case when the Brownian motion does not hit the linear
function before the moment 7. We shall use the following lemma whose proof can
be found in ['}].

Lemma 3.2. If z < b(T), then the probability of 7 > T, conditioned on
Br==zu1s

(3.5) P(r>T|Br=2)=1—exp GW)

Now we can prove our second result.
Theorem 3.2. If z < b(T), then

(3.6)
V(Q,Z,T; bl)b2) =F [GGBTIBT>Z,T>Ti| -

b(T)-TO\  (2-T6
— exp (%92) J:eng(eg(N)(Z]\;gﬂ)) N (b(T) _\/TTH - 2b2>>

Proof. Using Lemma 3.2 we derive

o
1 2
P(BT<y,T>T):m/P(BT<y,T>T|BT:u)eXp(—;—T>du
—00

(3.7)

e | (1m0 (220 ) (-3

Having in mind that P (Byr < y,7>T) =P (Br <b(T),7 > T) wheny > b(T),
we obtain

b(T)
E {eGBTIBTN,DT} _ / dP (B < y,7 > T)
z
(3.8) 1 b(T) . 2o (5(T) ) 2
“ e [ (e () oo (g )
2
Dividing integral (3.8) into two parts we derive formula (3.6). O

4. Piecewise linear case. The density of the stopping time is given in the
following lemma, whose proof can be found in ['] or [?].

Lemma 4.1. Let t belong to the m-th interval, t,,_1 < t < t,,. Then the
T-density in the point t is
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m—1

[1 (1 — exp (—2(6"_1;?;1_)1(&_“)))

=1
B1yeesBm—1 (Ii71i7 )2
(4'1) f mﬁl exp(i Q(ti_ti—ll) ) d.%'l s dxm_l.
—o0 i=1 \/27T(ti—ti_1)

Bm-1=Tm-_1_ _ (bmttbam—Tm—1)* )
Var(—tm )8 P ( 2(—tm—1)
The following theorem corresponds to Theorem 3.1 when the boundary is

piecewise linear.
Theorem 4.1. Let 6 > 0. The Laplace transform of the first hitting time in
the m-th interval is given by

E [e_GTITe(tm,l,tm}}

e _ _2(52'71*%71)(52'*%)))
(4.2) B1yesBm—1 zl;[l (1 eX(I:'gc. p ti—ti—1
= mﬁl (exp(—m)) dry - -drg,—1,
—o0 e} V2m(ti—ti—1)
e~0tm-1L, (tm —tm—1,0; bl,m’ Bm-1— xmfl)

where the function L (-) is given by equation (3.3).
Proof. Using the form of stopping time density (4.1) we derive

(4.3)

E [efeTIre(tm_l,tm}}
m

tm BlsoBm—1| i=1 ( » i—ti—1
tm—1 —00 i=1 \/277(152'*1‘/1'71)
—0t_Bm-1—Tm— (bl,mt+b2,m—zm,1)2
¢ m <P (_ 2 tm—1) )
m—1

[1 (1 — exp (—2(6"_1;?;1_)1(&_%)))

i=1
B1yeesBm—1 m—1 exp(f (Ii*Il‘,l)Q)

2(ti—t;_1)

- i=1 \/27T(ti—ti_1)

equ Bm—1—Tm-1

d:Cl e dxmfl.

—0 , tm—tm—1 Non
e~ tm—1 2mu 2 9 du
5 exp (_ (bl,mu'i‘ﬁrg;l_xmfl) )
We have changed the variable t to uw =t — t,,_1 above using S,,—1 = b1 mtm—1 +
ba.m- We finish the proof using Theorem 3.1. O
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The corresponding to Theorem 3.2 result in the piecewise linear case is as
follows.

Theorem 4.2. If z < b(T), then the corresponding Laplace transform when
first hitting is after the terminal moment is

(4.4)

OB
E {6 TIBT>Z,’T>T:|

n—1

11 (1 — exp (_ 2([31'—1;9[2;1_)1(51'—%)))

B1yeBn-1| i=1 ]
B / il (exp(f%» dry---dry_q,
—o0 il;Il \/QW(ti—ti—ﬂ

O )
"1V (0, 2 — xp—1,tn — th—1;01,n—1,b2.n—1 — Tpn—1)

where the function V (-) is given by equation (3.6).
Proof. Note again that P(Br <y,7>T) = P(Br <b(T),7 > T) when
y > b(T). Using the Markovian property of the Brownian motion we derive

(4.5)
bn(T)
FE [eGBTIBT>Z,T>T] = / vdpP (Br <u,7r>T)

z

P(Br <u,m>T|By =x1,...,

b"(T) ﬁlv---vﬁn—l Bt =z, 1)
_ Ou R Qn_l - e
= / e’d / n—1 (eXp <__(21(Ztlfz;ll)) >> dxy dxn 1
z —00
i=1 2 (ti — tifl)
n—1
Pli-1%i-1 (1 > ;| By, = x;
bu(r) BiyesBr—1 21—[1 ( il B i)
? > Pl 27 (t; — ti_1)

Pin=t¥n=1 (7 > T, Bp < u)

n—1
H PU=vTisl (7> | By, = ;)

i=1
oot | ot (exp (- )

2T (ti — tifl)

i=1
(T)

/ eUdPin-1n=1 (7 > T Br < u)
z

—50 b
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We change the variable v to v = u — x,,—1 and apply Theorem 3.2 to transform
the inner integral to

bu(T) bn(1)
/ v d ptn—1on—1 (tr>T,Br <u)= / vdpP (r>T —ty—1,Br <u—mxp_1)

z z

br(T) —%n-1
= efTn—1 / v dp (1>T —tp_1,Br <v)

Z—Tn—1
Oy, — .
="V (0,2 — xp_1,tp — tn—1;b1n—1,b2n—1 — Tp_1) -

Using Lemma 3.2 we finish the proof. O

5. Conclusions and further work. We derived the Laplace transforms
related to the first hitting time to a piecewise linear function of a Brownian motion.
We introduced a terminal date and examined separately the cases when hitting
occurs before or after this moment. The derived Laplace transforms are presented
in Theorems 3.1 and 3.2 when the boundary is linear, whereas Theorems 4.1 and
4.2 concern the piecewise linear case. We can apply these results to price some
path dependent securities. Important examples are barrier and American style
derivatives as well as defaultables.

An interesting open problem is deriving the corresponding Laplace transforms
when the stopping time is the first exit from a piecewise linear strip. These results
would be useful if we have to price double barrier options or game style options.
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